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Abstract: We present the ‘Heisenberg picture’ of the reflection algebra by explicitly
constructing the boundary Yangian symmetry of an AdS/CFT superstring which ends
on a boundary with non-trivial degrees of freedom and which preserves the full bulk Lie
symmetry algebra. We also consider the spectrum of bulk and boundary states and some
automorphisms of the underlying algebras.
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1 Introduction
Recent developments in understanding the role of integrability in the AdS/CFT correspon-
dence have led to new challenges requiring novel mathematical methods and insights (see
the review [1] and references therein). The Yangian symmetry of the light-cone AdS/CFT
S-matrix has very distinctive mathematical features and is still not fully understood: it
appears in the wider context of ‘secret symmetries’ [2] and deformations of quantum affine
algebras [3], and indeed may be pointing to new types of quantum group and associated
quantum integrable models (see the reviews [4, 5] and references therein).
The structure of the boundary Yangian symmetry of the AdS/CFT reflection K-
matrices, for the various boundary conditions that appear when superstrings end on differ-
ent D-branes, is even more complicated (see [6] for a comprehensive review of integrable
boundary conditions and [7] for the q-deformed case). The best understood boundary con-
ditions are the Y = 0 ‘giant graviton’ D3-brane [8] and the Y = 0 D7-brane [9, 10], which
share the same generalized twisted Yangian structure [11–13]. Recent progress has made
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it clear that the D5-brane has a similar structure, based on achiral boundary conditions
[14–16]. These two cases correspond respectively to class A and B symmetric spaces [17].
In this paper we explore boundaries with non-trivial degrees of freedom and which
preserve all of the bulk symmetry algebra, the two best-known examples being the Z = 0
‘giant graviton’ D3-brane [8] and the right factor of the Z = 0 D7-brane [9, 10]. Here there
is no natural symmetric-space structure, and the problem is rather to take the laboriously-
computed reflection K-matrices of [10] and find the correct mathematical context for them.
This turns out to employ deformations of the bulk Yangian charges only at even levels, and
(what we shall call) the ‘Heisenberg picture’ of the symmetry algebra, which incorporates
a reflection operator into the Hopf algebra structure. We explicitly construct this algebra
and its evaluation representation.
Organization of the paper. In section 2 we explain the general algebraic structures
presented in this paper: we give a formal definition of our ‘Heisenberg picture’ of the reflec-
tion algebra, review the Yangian symmetry and its evaluation representation, and present
the level-2 twisted charges that are crucial in building the Yangian of a boundary which
preserves all of the bulk Lie algebra. In section 3 we specialize to AdS/CFT, reviewing
the Hopf algebra structure of the bulk Yangian symmetry [18], and then constructing the
reflection Hopf algebra structure of the boundary Yangian symmetry. In section 4 we con-
sider the representations and automorphisms of the bulk and boundary symmetry of the
AdS/CFT superstrings. We generalize some properties of the spectrum of states and write
down explicit forms for the bulk and boundary singlet states composed of single magnons
and two-magnon bound-states. We finish by constructing the evaluation representation of
the boundary Yangian.
2 The underlying algebras
We begin with a general description of the scattering and reflection algebras and the cor-
responding Yangian structures in which they are embedded.
2.1 The Schro¨dinger and Heisenberg pictures
There are two ways of describing bulk and boundary scattering matrices and the associated
symmetries, in which the emphasis is respectively on the algebra and operations within it,
and on the modules which form particle multiplets. With a slight abuse of terminology
we shall call these the ‘Heisenberg picture’ and the ‘Schro¨dinger picture’ respectively. In
this paper we want to present the Heisenberg picture of the reflection algebra. We start
by reviewing the scattering algebra of the integrable field theory and then proceed to the
reflection algebra.
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The physical bulk S-matrix is an operator acting on the tensor product of algebra
modules in the bulk
S : V1(u1)⊗ V2(u2)→ V2(u2)⊗ V1(u1), (2.1)
where algebra modules Vi are linear vector spaces and ui are associated continuous spectral
parameters. Modules Vi usually carry some discrete indices not shown here. This is the
Schro¨dinger picture of the scattering, where the states are evolving, while the representa-
tion of the symmetry algebra is fixed. In this picture the invariance condition under the
symmetry algebra is
[∆(J), S] = 0, (2.2)
where the co-product of any Lie symmetry generator J is taken to be trivial
∆(J) = J⊗ 1 + 1⊗ J. (2.3)
Let us switch to the Heisenberg picture of the scattering, which is described by the S-matrix
S ∈ End (V1(u1)⊗ V2(u2)) , (2.4)
equivalent to an (unbraided) R-matrix1. In this picture the physical states are fixed, but
the operators are altered in the scattering process, and the invariance condition for the
S-matrix reads as
∆op(J)S − S∆(J) = 0, (2.5)
where ∆op = P∆P and P is the graded permutation operator in Vi ⊗ Vj , i.e.
P (x⊗ y) = (−1)|x||y| y ⊗ x, P 2 = I, (2.6)
for any x, y ∈ V . At the algebra level the opposite co-product is defined as ∆op = σ ◦∆,
where σ is the two-site flip operator of the algebra.
The physical boundary scattering K-matrix, in the general case, is an intertwining
operator which acts on the tensor product of bulk V (u) and boundary VB(w) modules
K : V (u)⊗ VB(w)→ V (−u)⊗ VB(w) (2.7)
and the condition for invariance under the symmetry algebra is
[∆(J),K] = 0, (2.8)
where ∆(J) is a trivial co-product acting on bulk and boundary modules. This is the
Schro¨dinger picture of the reflection algebra. Here we have defined the boundary module
VB(w) to be carrying some boundary spectral parameter w. Usually, when the boundary is
represented as an infinitely heavy state, it is only allowed (at most) to have some discrete
indices, but no continuous parameter, owing to relativistic invariance. This type of realiza-
tion in the case of a 1+1-dimensional integrable field theory with boundary was presented
1The standard notation in the mathematical literature is to use a ‘check’ to denote the Schro¨dinger
picture, so that S ∼= Rˇ and S ∼= R.
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in [19]. Here, however, and probably owing to the non-relativistic nature of the model, in
order to construct the boundary Yangian we must allow the boundary module to carry a
continuous parameter.
e want to describe the Heisenberg picture of the reflection algebra. To do so we define
a K-matrix for reflection from the right boundary to be a flavor-intertwining operator of
the bulk and boundary modules,
K ∈ End (V (u)⊗ VB(w)) , (2.9)
with K = P · K where P is a parity operator acting on the bulk module as
P : V (u) 7→ V (−u), P2 = I, (2.10)
while leaving the boundary module invariant
P : VB(w) 7→ VB(w). (2.11)
Then the requirement of invariance under the reflection algebra becomes
∆ref(J)K −K∆(J) = 0, (2.12)
where we have defined the reflected co-product ∆ref = P∆P. It is easy to move between
(2.8) and (2.12)
P
(
∆ref(J)K −K∆(J)
)
= ∆(J)K −K∆(J) (2.13)
with the help of the parity operator. Since P affects the left, bulk module only, on the
Hopf algebra level the reflected co-product may be realized as
∆ref(J) = κ ◦∆(J) = J⊗ 1 + 1⊗ J, (2.14)
where we have defined
J := κ(J) (2.15)
(with the slight abuse of notation that in the co-product κ ≡ κ ⊗ 1). Thus κ is the
automorphism of the symmetry algebra, corresponding to the effect of boundary scattering
on the symmetry operators in the Heisenberg picture. It is analogous to the flip operator
σ for scattering in the bulk.
Any non-trivial braiding factors will be affected by the reflection map κ. For example
a braided co-product
∆(J) = J⊗ 1 + U ⊗ J, (2.16)
where U is some braiding factor, would have a reflected partner of the form
∆ref(J) = J⊗ 1 + U ⊗ J. (2.17)
It is easy to see that the relation between Schro¨dinger and Heisenberg pictures of the
reflection algebra is given by
κ ◦∆(J) = P∆(J)P, (2.18)
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and is of the same form as for the scattering algebra,
σ ◦∆(J) = P ∆(J)P. (2.19)
The reflection from a left boundary is treated very similarly. The flavor-intertwining
K-matrix for reflection from the left boundary is
K ∈ End (VB(w) ⊗ V (u)) , (2.20)
and satisfies P K = PKP (where P has the same effect on bulk and boundary modules,
but now in exchanged order). The requirement of invariance under the reflection algebra
becomes
∆op(J)K −K∆op.ref(J) = 0, (2.21)
where we have defined the opposite reflected co-product as
∆op.ref(J) = κ ◦∆op(J) = J⊗ 1 + 1⊗ J. (2.22)
It is related to the reflected co-product by ∆op.ref = P∆refP , where the permutation oper-
ator acts on the tensor product of bulk and boundary modules as
P : V (u)⊗ VB(w)→ VB(w) ⊗ V (u). (2.23)
The explicit realization of the reflection automorphism κ depends on the corresponding field
theory. We shall explicitly construct the automorphism κ for the AdS/CFT superstring in
section 4.3.
2.2 Yangian symmetry and the evaluation representation
The Yangian Y(g) of a Lie algebra g is a deformation of the universal enveloping algebra
of the polynomial algebra g[u]. It has level-0 g generators JA and level-1 Y(g) generators
ĴA. Their commutators have the generic form[
JA, JB
]
= fABCJ
C ,
[
JA, ĴB
]
= fABC Ĵ
C , (2.24)
and must obey Jacobi and Serre relations[
J[A,
[
JB , JC]
]]
= 0,
[
J[A,
[
JB , ĴC]
]]
= 0, (2.25)[
Ĵ[A,
[
ĴB , JC]
]]
=
α3
4
fAGDf
BH
Ef
CK
F fGHKJ
{DJEJF}. (2.26)
The indices of structure constants fABD are lowered by the means of the inverse Killing-
Cartan form gBD, while α is a formal level-1 deformation parameter, and which we later
set to unity.2
2The deformation parameter α may be regarded as Planck’s constant when the Yangian is an auxiliary
algebra rather than, as here, composed of quantum charges [20].
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The co-product of the generators takes the form
∆JA = JA ⊗ 1 + 1⊗ JA, ∆ĴA = ĴA ⊗ 1 + 1⊗ ĴA + α
2
fABCJ
B ⊗ JC . (2.27)
Finite-dimensional representations of Y(g) are realized in one-parameter families, due
to the ‘evaluation automorphism’
τv : Y(g)→ Y(g) JA 7→ JA , ĴA 7→ ĴA + vJA , (2.28)
corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimensional
irreducible representations of g which may be extended to representations of Y(g), these
families are explicitly realized via the ‘evaluation map’
evv : Y(g) 7→ U(g) JA 7→ JA , ĴA 7→ vJA , (2.29)
which yields ‘evaluation modules’, with states |v〉 carrying a spectral parameter v.
We shall build finite-dimensional representations of Y(g) by considering the tensor
product of the two g-modules on which the bulk S-matrix acts. The action of Yangian
generators on states in the g-module V (v) is defined via an ‘evaluation map’ ansatz
Ĵ |v〉 = γ (v + v0) J |v〉 , |v〉 ∈ V (v) , (2.30)
with γ being a C-number to be determined from the field theory and v0 being some rep-
resentation parameter. The reflection automorphism κ composed with the evaluation map
ansatz gives
κ
(
Ĵ
) |v〉 = γ (−v + v0) J |v〉 . (2.31)
The level-2 Y(g) charges may be defined by commuting the level-1 charges as
̂̂
JA :=
1
cg
fABC [ Ĵ
C , ĴB ], (2.32)
when the eigenvalue cg of the quadratic Casimir operator in the adjoint representation
(f BCA fCBD = cg gAD) is non-vanishing. Then
[ ĴA, ĴB ] = fABC
̂̂
JC +XAB , (2.33)
where the non-zero extra term XAB is constrained by the Serre relations (2.26) to satisfy
f
[AB
DX
C]D = Y ABC , where Y ABC is (2.26) (and thus a fixed cubic combination of level-0
charges) [20], and by (2.32) to satisfy fABCX
BC = 0. The evaluation map ansatz (2.30)
for the level-2 charges is then
̂̂
J |v〉 = γ2 (v + v0)2 J |v〉 . (2.34)
Now let us consider a boundary module VB which in the general case respects a subal-
gebra h ⊂ g of the symmetry algebra g of the bulk module V . Then integrability requires
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Figure 1. The subspace structure of g[u] in case of symmetric
pair decomposition g = h ⊕ m. Solid lines represent subspaces
invariant under the involution σ¯. The twisted charges of Y(g, h)
live in deformations of the invariant subspaces.
that h be the subalgebra invariant under an involutive automorphism σ of g, so that the
splitting g = h⊕m, into subspaces of σ eigenvalue ±1, forms a symmetric pair
[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h. (2.35)
Then the twisted Yangian Y(g, h) is a subalgebra of Y(g) generated by the level-0 charges
JI and twisted level-1 charges
J˜P := ĴP +
α
4
fPQI
(
JQ JI + JI JQ
)
, (2.36)
where I(, J,K, ...) run over the h-indices and P,Q(, R, ...) over the m-indices. The coprod-
ucts of the charges JI and J˜P are
∆JI = JI ⊗ 1 + 1⊗ JI , ∆J˜P = J˜P ⊗ 1 + 1⊗ J˜P + αfPQI JQ ⊗ JI , (2.37)
and satisfy the co-ideal property
∆Y(g, h) ∈ Y(g)⊗Y(g, h). (2.38)
The charges are required to be invariant under the extension σ¯ of σ to the Yangian algebra,
acting as σ¯(JIn) = (−1)nJIn and σ¯(JPn ) = (−1)n+1JPn , where n is the level of the charge and
σ¯(α) = −α, so that J˜P is invariant under σ¯. Thus the twisted Yangian Y(g, h) is the
co-ideal subalgebra of Y(g) invariant under σ¯ [21], as shown in figure 1.
Level-2 Y(g, h) charges may be generated by the twisted level-1 charges as for (2.32)
by ˜˜
JI :=
1
cg − ch f
I
PQ [ J˜
Q, J˜P ], (2.39)
where J˜P,Q are defined by (2.36). It is easy to see that these level-2 charges satisfy the
co-ideal property and are invariant under the involution σ¯. We then have
[ J˜P , J˜Q] = fPQI
˜˜
JI + X˜AB , (2.40)
however finding the deformation
˜˜
JI − ̂̂JI (analogous to that in (2.36)) explicitly would be
a rather cumbersome calculation.
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Now let us turn to the case h = g. There is then no symmetric-pair structure, and
no level-1 charges are conserved by the boundary. There are, however, level-2 conserved
charges, and (by extension) we write the subalgebra of charges conserved by the boundary
as Y(g, g), defined to be the σ¯-invariant co-ideal subalgebra of Y(g) generated by the level-0
charges JA and twisted level-2 charges
˜˜
JA, where these latter are explicitly constructed to
be invariant under the extended involution σ¯ and to satisfy the co-ideal property
∆Y(g, g) ⊂ Y(g)⊗Y(g, g). (2.41)
Thus, in the case when cg 6= 0, we define ˜˜JA to be
˜˜
JA :=
1
cg
fABC
(
[ ĴC , ĴB ] +
α
2
fCDEJ
D[ ĴB, JE ] +
α
2
fBDEJ
D[ JE , ĴC ]
)
=
̂̂
JA +
α
2cg
fABC
(
fCDEJ
D[ ĴB , JE ] + fBDEJ
D[ JE , ĴC ]
)
, (2.42)
where the last two terms ensure the co-ideal property
∆
˜˜
JA =
˜˜
JA ⊗ 1 + 1⊗ ˜˜JA
+
α
cg
fABC
(
fCDE[ J
D, ĴB]⊗ JE + fBDE[ ĴC , JD]⊗ JE
)
+
1
cg
O(α2) (2.43)
∈ Y(g)⊗Y(g, g),
– i.e. that no level-1 charges ĴA act on the boundary – and the order O(α2) terms are cubic
in the level-0 generators and thus automatically satisfy the coideal property.
In the case when cg = 0 (and gAD is degenerate), as applies in AdS/CFT, (2.32) and
(2.42) cannot be used directly to construct level-2 charges. One (complex) way out of this
situation is to use Drinfeld’s second realization [22], as was done in [23]. Alternatively one
may work directly from (2.33), writing it as
̂̂
JC fABC := [ Ĵ
A, ĴB ]−XAB , (2.44)
and choosing XAB so that this expression is non-trivial and satisfies the Serre relations.
This approach for constructing level-2 charges for the superalgebra d(1, 2; ǫ) (and its lim-
iting case psu(2|2) ⋉R3) was considered in [24].
However, the easiest way to construct twisted level-2 charges in this particular case
is by observing that the term in the round brackets in the first line of (2.42) enjoys σ¯-
invariance and the co-ideal property in its own right. Thus (setting α set to unity) we
define the twisted level-2 charges to be
˜˜
JCB := [ ĴC , ĴB ] +
1
2
fCDEJ
D[ ĴB , JE ] +
1
2
fBDEJ
D[ JE , ĴC ]. (2.45)
These charges will turn out to govern the ‘Z = 0’ AdS/CFT boundaries, as we will show
in the next section.
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3 The symmetry of the AdS/CFT superstring
The symmetry of the excitations of the light cone string theory on AdS5 × S5 and for the
single-trace local operators in N = 4 supersymmetric Yang-Mills gauge theory is given by
two copies of the centrally-extended Lie superalgebra [25]
g = psu (2|2) ⋉R3. (3.1)
3.1 The symmetry algebra
Symmetry algebra g has two sets of bosonic su(2) rotation generators R ba , L
β
α , two sets
of fermionic supersymmetry generators Q aα , G
α
a and three central charges H, C and C
†.
The non-trivial commutation relations are[
L βα , Jγ
]
= δβγ Jα −
1
2
δβαJγ ,
{
Q aα ,Q
b
β
}
= ǫabǫαβC,[
L βα , J
γ
]
= −δγαJβ +
1
2
δβαJ
γ ,
{
G αa ,G
β
b
}
= ǫαβǫabC
†,[
R ba , Jc
]
= δbcJa −
1
2
δbaJc,
{
Q aα ,G
β
b
}
= δabL
α
β + δ
α
βR
a
b + δ
a
b δ
α
βH,[
R ba , J
c
]
= −δcaJb +
1
2
δbaJ
c, (3.2)
where a, b, ... = 1, 2 and α, β, ... = 3, 4, and the symbols Ja, Jα with lower (or upper)
indices represent any generators with the corresponding index.
The psu(2|2) algebra has no matrix representation, but the centrally extended algebra
does and the representations may traced back from the superalgebra gl(2|2) using an sl(2)
outer-automorphism group of the algebra. This outer-automorphism reveals itself in the
ε → 0 limit of the exceptional superalgebra d(2, 1; ε) leading to sl(2) ⋉ psu(2|2) [26]. The
sl(2) automorphism transforms the supercharges of the algebra as
Q′ aα = u1Q
a
α − u2εabεαβG βb , G′ αa = v1G αa − v2εabεαβQ bβ , (3.3)
and the central charges as
C′ = u21C+ u
2
2C
† + u1u2H, C
′† = v21C
† + v22C+ v1v2H,
H′ = (u1v1 + u2v2)H+ 2u1v1C+ 2u2v2C
†, (3.4)
The parameters ui and vi satisfy the non-degeneracy requirement u1v1−u2v2 = 1 and may
be combined into a SL(2) matrix
hout =
(
u1 u2
v1 v2
)
. (3.5)
We shall be interested in the unitary representations of g. The latter requirement restricts
the SL(2) automorphism group to its real form SU(1, 1) upon imposing the unitarity
conditions v∗1 = u1 and v
∗
2 = u2. It is important to note that the outer-automorphism
group leaves the combination ~H2 ≡ H2 − 4CC† of the central charges invariant, i.e. this
combination defines the orbits of the SL(2).
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3.2 Hopf algebra
The Hopf algebra of the AdS/CFT superstring is the deformed universal enveloping algebra
U(psu (2|2) ⋉R3) [18]. The deformation is defined as
∆JA = JA ⊗ 1 + U [A] ⊗ JA, ∆op JA = JA ⊗ U [A] + 1⊗ JA, (3.6)
where U is the braiding factor and its power [A] is defined to be
[R] = [L] = [H] = 0, [Q] = +1, [G] = −1, [C] = +2, [C†] = −2. (3.7)
The co-products of the Hopf algebra are
∆R ba = R
b
a ⊗ 1 + 1⊗ R ba , ∆Q aα = Q aα ⊗ 1 + U+1 ⊗Q aα ,
∆L βα = L
β
α ⊗ 1 + 1⊗ L βα , ∆G αa = G αa ⊗ 1 + U−1 ⊗G αa ,
∆C = C⊗ 1 + U+2 ⊗ C, ∆H = H⊗ 1 + 1⊗H
∆C† = C† ⊗ 1 + U−2 ⊗ C†, ∆U = U ⊗ U , (3.8)
and the opposite co-products become
∆opR ba = R
b
a ⊗ 1 + 1⊗ R ba , ∆opQ aα = Q aα ⊗ U+1 + 1⊗Q aα ,
∆op L βα = L
β
α ⊗ 1 + 1⊗ L βα , ∆opG αa = G αa ⊗ U−1 + 1⊗G αa ,
∆opC = C⊗ U+2 + 1⊗ C, ∆opH = H⊗ 1 + 1⊗H,
∆opC† = C† ⊗ U−2 + 1⊗ C†, ∆op U = U ⊗ U , (3.9)
The Hopf algebra structure becomes complete after defining the antipode map S and the
co-unit map ε. The antipode map is the anti-homomorphism acting on the algebra as
S (1) = 1, S (U) = U−1, S(JA) = −U−[A]JA, (3.10)
and the co-unit map acts as
ε(1) = ε(U) = 0, ε(JA) = 0. (3.11)
In general (off-shell), the co-products above are not co-commutative for an arbitrary braid-
ing factor U , except for the the central charge H. Requiring central charges C and C† to
be co-commutative
∆C = ∆opC, ∆C† = ∆opC†, (3.12)
the following relations are obtained
C⊗ (1− U+2) = (1− U+2)⊗ C, C† ⊗ (1− U−2) = (1− U−2)⊗ C†, (3.13)
leading to the constraints
C ∝ (1− U+2), C† ∝ (1− U−2), (3.14)
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which fix U making it a non-independent generator. One can further introduce universal
proportionality coefficients α and α†
C = α(1 − U+2), C† = α†(1− U−2), (3.15)
related through the quadratic equation
CC† − αC† − α†C = 0. (3.16)
We want to define the reflection automorphism and the reflection Hopf algebra using
the definitions above. Let the reflection be represented by the automorphism κ acting on
the algebra generators as
κ : JA 7→ JA, κ : U 7→ U = U−1, (3.17)
and the corresponding co-product for the reflection from the right boundary we define to
be
∆ref JA = JA ⊗ 1 + U−[A] ⊗ JA. (3.18)
Then the co-product for the reflection from the left boundary is the reflected ‘op’ co-product
∆op.ref JA = JA ⊗ U−[A] + 1⊗ JA. (3.19)
The concept of co-commutativity of the algebra charges translates to the requirement
of charge co-conservation under the reflection. This severely restricts the action of the
automorphism κ:
κ(R ba ) = R
b
a , κ(L
β
α ) = L
β
α , κ(H) = H, (3.20)
as can easily be seen from (3.8). Then the only non-trivial co-products of the reflected
Hopf algebra are
∆refQ aα = Q
a
α
⊗ 1 + U−1 ⊗Q aα , ∆refC = C⊗ 1 + U−2 ⊗ C,
∆refG αa = G
α
a ⊗ 1 + U+1 ⊗G αa , ∆refC† = C† ⊗ 1 + U+2 ⊗ C†, (3.21)
and in the same way the only non-trivial opposite reflected co-products are
∆op.refQ aα = Q
a
α ⊗ U−1 + 1⊗Q aα , ∆op.refC = C⊗ U−2 + 1⊗ C,
∆op.refG αa = G
α
a ⊗ U+1 + 1⊗G αa , ∆op.refC† = C† ⊗ U+2 + 1⊗ C†. (3.22)
The co-conservation requirement of the central charges
∆H = ∆refH, ∆C = ∆refC, ∆C† = ∆refC†, (3.23)
is clearly satisfied for H, while the latter two equations give
(C− C)⊗ 1 = (U−2 − U+2)⊗C, (C† − C†)⊗ 1 = (U+2 − U−2)⊗ C†, (3.24)
which together with the constraints (3.15) of the bulk charges lead to the following con-
straints:
C⊗ 1 = α (1− U−2)⊗ 1, 1⊗ C = 1⊗ α,
C† ⊗ 1 = α† (1− U+2)⊗ 1, 1⊗ C† = 1⊗ α†. (3.25)
The co-conservation of the opposite co-products leads to the same constraints.
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3.3 Yangian symmetry
Bulk case. The explicit construction of the Yangian symmetry for planar AdS/CFT
was first presented in [18] and has been further investigated in [2, 23, 24, 26–29]. The
co-products of the Yangian charges are defined as
∆(ĴA) = ĴA ⊗ 1 + U [A] ⊗ ĴA + fABC U [C]JB ⊗ JC , (3.26)
and the opposite co-products are
∆op(ĴA) = ĴA ⊗ U [A] + 1⊗ ĴA + fABC JB ⊗ U [B] JC . (3.27)
The explicit expressions of the co-products are given in appendix A. It was shown in [18]
that the co-products of the central charges may be chosen to be co-commutative not only
at the algebra level, but also at the Yangian level. For this purpose one needs to define the
following combinations of Yangian charges
Ĥ′ = Ĥ+ α†C− αC†, Ĉ′ = Ĉ+ 1
2
H(C− 2α), Ĉ†′ = Ĉ† − 1
2
H(C† − 2α†), (3.28)
which we might call the ‘deformed central charges’. These new deformed charges have
almost-trivial co-products
∆Ĥ′ = Ĥ′ ⊗ 1 + 1⊗ Ĥ′, ∆Ĉ′ = Ĉ′ ⊗ 1 + U+2 ⊗ Ĉ′, ∆Ĉ†′ = Ĉ†′ ⊗ 1 + U−2 ⊗ Ĉ†′.
(3.29)
The co-product of the charge Ĥ′ is already co-commutative, while the co-commutativity of
Ĉ′ and Ĉ†′ are ensured by imposing additional constraints
Ĉ′ = β vC C, Ĉ
†′ = β vC† C
†, (3.30)
with some universal parameters vC , vC† and β. The central charges Ĥ, Ĉ, Ĉ
† are also
required to be co-commutative as they differ from the deformed central charges by the
central elements of the algebra only. We can also introduce a similar ansatz
Ĥ′ = β vH H, (3.31)
to have a complete set of expressions of the deformed central charges with vH being some
universal parameter as well. We have not introduced or assumed any relations between
the parameters vC , vC† and vH so far, we have merely required them to be universal
3. We
shall arrive at a set of constraints by considering the evaluation representation. However it
is easy to see, that even at the representation level (on-shell) vH shall stay unconstrained.
This is because H and Ĥ′ are not only co-commutative but also commutative charges.
3One the other hand, the universality condition is quite strong on its own.
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Boundary case. We define the twisted Yangian Y(g, g) of the Z = 0 giant graviton to
be generated by the level-0 charges JA and twisted level-2 charges (2.45)˜˜
JCB := [ ĴC , ĴB}+ (−1)|D||B| 1
2
fCDEJ
D[ ĴB, JE}+ (−1)|D||C| 1
2
fBDEJ
D[ JE , ĴC}, (3.32)
where [ , } represents a graded commutator and (−1)|D||B| with (−1)|D||C| are grade factors.
We do not present the explicit form of these level-2 charges and their co-products, —they
are complex but not very illuminating, and are easily obtained with the help of level-1
charges and their co-products, as detailed in appendix A, while for finding the expressions
of the reflected co-products one has to use (3.18) together with
∆ref(ĴA) = Ĵ
A ⊗ 1 + U−[A] ⊗ ĴA + fABC U−[C]JB ⊗ JC . (3.33)
In general case, the twisted charges (3.32) are linear combinations of level-2 and level-0
charges, and one loses track of the central elements of the algebra. For example, the charges
defined by ̂̂
C ′ = ǫαβǫab{Q̂ aα , Q̂ bβ }, ̂̂C †′ = ǫabǫαβ{Ĝ αa , Ĝ βb } (3.34)
in contrast to Ĉ, Ĉ† and C, C† re not central, but rather are shifted from the center by a
level-0 deformation, and so are not co-commutative. Thus the twisted charges
˜˜
C ′ and
˜˜
C †′
that one would obtain using (3.32) would not be co-conserved. However, this shift may be
easily undone in Drinfeld’s second realization [22]. It was shown in [23] that the charges4̂̂
C = {iQ̂ 14 − w2, iQ̂ 23 − w3}, ̂̂C † = {iĜ 41 − z2, iĜ 32 − z3}, (3.35)
are central. Here
w2 = −1
4
{iQ 14 , κ2,0}+
3i
4
Q 13 L
3
4 −
i
4
R 12 Q
2
4 −
i
4
Q 24 R
1
2 −
i
4
L 34 Q
1
3 −
i
2
G 32 C,
w3 = −1
4
{iQ 23 , κ3,0} −
i
4
Q 13 R
2
1 +
3i
4
R 21 Q
1
3 −
i
4
Q 24 L
4
3 −
i
4
L 43 Q
2
4 −
i
2
G 41 C,
z2 = −1
4
{iG 41 , κ2,0} −
i
4
G 31 L
4
3 +
3i
4
L 43 G
3
1 −
i
4
G 42 R
2
1 −
i
4
R 21 G
4
2 −
i
2
Q 23 C
†,
z3 = −1
4
{iG 32 , κ3,0} −
i
4
G 42 L
3
4 −
i
4
L 34 G
4
2 +
3i
4
G 31 R
1
2 −
i
4
R 12 G
3
1 −
i
2
Q 14 C
†, (3.36)
and
κ2,0 = −R 11 + L 33 −
1
2
H, κ3,0 = R
1
1 − L 33 −
1
2
H. (3.37)
Then it is easy to see that the twisted charges˜˜
C =
˜˜
C ′ + {w2, w3}, ˜˜C † = ˜˜C ′† + {z2, z3}, (3.38)
are the central elements of Y(g, g) and must be co-conserved, i.e. the following constraints
must hold:
∆
˜˜
C = ∆ref
˜˜
C, ∆
˜˜
C † = ∆ref
˜˜
C †. (3.39)
4Our notation agrees with that of [29].
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Due to their complicated structure it is hard to show that these constraints hold at the
algebraic level. For our purposes it will be enough to consider these constraints on-shell,
as this is sufficient to write the evaluation map ansatz for the level-2 charges acting on the
boundary module and – crucially – to determine the associated spectral parameter related
to the boundary states.
4 Representations, states and dynamics of the AdS/CFT superstring
The centrally-extended psu(2|2) algebra has several different types of finite-dimensional
representations. The most relevant representations for AdS/CFT superstrings are called
long (typical) and short (atypical). There are also anomalous (singlet and adjoint) rep-
resentations. See [25] and [30] for a comprehensive review and details. A tensor product
of two short representations generically yields a sum of long multiplets. The long repre-
sentations are generically irreducible, but become reducible for some special eigenvalues
of the central charges. We shall briefly review the decomposition of the tensor product
of two fundamental representations and the tensor product of two 2-particle bound-state
representations, as this will be important to us later on.
The fundamental excitations (asymptotic states) of the superstring transform in the
4-d(imensional) short (fundamental) representation . The tensor product of two funda-
mental representations gives a 16-d irreducible long multiplet. This is the smallest long
representation. At the special points (corresponding to special eigenvalues of the central
charges) one may decompose the 16-d long multiplet into two 8-d short representations
(totally symmetric and totally antisymmetric), or into two singlets (corresponding to the
fundamental singlet state of the spectrum) and a minimal 14-d adjoint, which may further
be reduced to (3 + 2× 4 + 3)-d totally symmetric multiplets. We shall mainly focus on
generic totally symmetric short and singlet representations, where the interesting physical
states (magnons and their bound-states) of the AdS/CFT superstring live.
Two-particle bound-states live in an 8-d totally symmetric short representation . A
tensor product of two such representations decomposes into a sum of two long, 16-d and 48-
d, representations. This tensor product is very important in the scattering theory we shall
be considering, as it is the simplest representation for which the Lie algebra is not enough
to determine all the scattering coefficients and additional contraints are required [31]. Thus
this representation serves as the most simple non-trivial test of Yangian symmetry.
A general l-magnon bound state is described by a short totally symmetric representa-
tion .... The dimension of the representation is 2l|2l and it may be neatly realized as
degree-l monomials on a graded vector space with the basis ω1, ω2, θ3, θ4, where ωa and
θα are bosonic and fermionic variables respectively [31].
In this representation the centrally-extended psu(2|2) generators are realized as the
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differential operators
R ba = ωa
∂
∂ωb
− 1
2
δba ωc
∂
∂ωc
, L βα = θα
∂
∂θβ
− 1
2
δβα θγ
∂
∂θγ
,
Q aα = a θα
∂
∂ωa
+ b ǫabǫαβωb
∂
∂θβ
, G αa = c ǫabǫ
αβθβ
∂
∂ωb
+ dωa
∂
∂θα
,
C = ab
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
, C† = cd
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
,
H = (ad+ bc)
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
. (4.1)
The corresponding vector space is denoted as V l(p, ζ), where p and ζ are complex parame-
ters of the representation and correspond to the momentum and the phase of an individual
magnon in the spin chain. The parameters a, b, c, d are convenient representation labels
of the states, which we shall discuss in the next paragraph. It is worth noting that the
SL(2) automorphism (3.5) may be realized as a shift
hout :
(
a b
c d
)
7→
(
u1 u2
v1 v2
)(
a b
c d
)
(4.2)
of the representation labels.
4.1 Superstrings in the bulk
Let us review the general concepts of the AdS/CFT superstring in the bulk: the represen-
tation, S-matrix and spectrum of the states.
The bulk representation. A convenient parametrization of the representation labels
of the l-particle bound-states in the bulk is [25, 31]
a =
√
g
2l
η, b =
√
g
2l
iζ
η
(
x+
x−
− 1
)
, c = −
√
g
2l
η
ζx+
, d = −
√
g
2l
x+
iη
(
x−
x+
− 1
)
,
(4.3)
where g is a coupling constant, ζ = e2iξ is the magnon phase and x± are the spectral
parameters (eip = x
+
x−
) respecting the mass-shell (multiplet-shortening) condition of the
l-magnon bound state,
x+ +
1
x+
− x− − 1
x−
= i
2l
g
. (4.4)
Unitarity requires η = eiξei
ϕ
2
√
i (x− − x+), where the arbitrary phase factor eiϕ reflects
the freedom in choosing x±. We shall set the phase to be ϕ = p/2. This parametrization
is in the so-called non-local (string) basis, where the non-trivial braiding factor U of the
corresponding Hopf algebra is absorbed into the parametrization of labels, thus introducing
the phase ζ. By setting ζ = 1 one recovers the local (spin-chain) basis of the U -deformed
Hopf algebra (3.6).
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The rapidity of the magnon in the x± parametrization is defined to be
u = x+ +
1
x+
− i l
g
, (4.5)
and the eigenvalues of the central charges of the l-magnon bound state are expressed as
Cl = l ab =
i
2g
(
eip − 1) e2iξ , C†l = l cd = − i2g (e−ip − 1) e−2iξ,
Hl = l (ad+ bc) =
√
l2 + 4g2 sin2 p2 , (4.6)
where the braiding factor is set to U2 = x+
x−
.
The S-matrix. The S-matrix in superspace is realized as an intertwining differential
operator acting on the tensor product of two algebra modules and may be represented as
(see figure 2)
S(p1, p2) =
∑
i
ai(p1, p2)Λi, (4.7)
where Λi span a complete basis of differential operators invariant under the su(2) ⊕ su(2)
algebra and ai(p1, p2) are S-matrix coefficients. The exact expressions of Λi for various
S-matrices are given in [31]. The coefficients of the fundamental S-matrix may be found
by demanding its invariance (2.5) under the symmetry algebra g (3.1). However, the
symmetry algebra alone is not enough to fix uniquely all coefficients of the bound-state
S-matrix and one additionally needs to use either the Yang-Baxter equation [10, 31] or
Yangian symmetry [18, 27, 28].
Figure 2. Scattering of two well-separated magnons with momenta p1 and p2 living on a long
string and ζ being the reference point.
The spectrum and the special points. The spectrum of excitations of the light cone
superstrings in AdS/CFT includes fundamental and bound-state excitations and the singlet
(mirror)states [30, 32].
Bound states appear as poles x−2 = x
+
1 in the S-matrix, projecting it to the totally
symmetric part of the tensor product V (p1) ⊗ V (p2) and signalling the presence of the
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Figure 3. Construction of a two-particle bound-state as a pole x−
1
= x+
2
in the S-matrix. The
bound-state which emerges from the S-matrix has momentum eip = eip1+ip2 =
x
+
1
x
−
1
x
+
2
x
−
2
=
x
+
2
x
−
1
≡ y+
y−
.
tower of multi-particle bound-states. The new bound state emerging from the S-matrix
has the spectral parameters set to y+ = x+2 and y
− = x−1 (see figure 3).
The singlet states are composite states with vanishing total central charges and zero
energy; however, their constituents have non-zero central charges and energy. These states
may be understood as vacuum polarization states. They can be constructed easily by
requiring that they be annihilated by all symmetry generators [25]. The fundamental
singlet state is5∣∣∣1AA¯12 〉 ∝ iζη1η2
(
1− x
+
1
x−1
)
εabω1aω
2
b + ε
αβθ1αθ
2
β = −iei
p1
2 εabω1aω
2
b + ε
αβθ1αθ
2
β, (4.8)
and the relations among the spectral parameters are x±2 = 1/x
±
1 (p2 = −p1). Furthermore,
there exists a tower of singlet states
|112〉 =
∣∣∣1AA¯12 〉+ ∣∣∣1BB¯12 〉+ ...
emerging from the vacuum as pairs of particle-antiparticle bound-states, for example∣∣∣1BB¯12 〉 ∝ ζ22η21η22
(
y−1 − y+1
)2
(y−1 )
2
εacεbdω1aω
1
bω
2
cω
2
d
− iζ
η1η2
y−1 − y+1
y−1
εabεαβω1aω
2
b θ
1
αθ
2
β +
1
4
εαβεγδθ1αθ
1
βθ
2
γθ
2
δ
=
1
2
eip1 εacεbdω1aω
1
bω
2
cω
2
d − iei
p1
2 εabεαβω1aω
2
bθ
1
αθ
2
β +
1
4
εαβεγδθ1αθ
1
βθ
2
γθ
2
δ , (4.9)
where y±2 = 1/y
±
1 . These states live in the tensor product space V
∗ ⊗ V of bulk modules,
where V ∗ is the module conjugate to V , and are represented as vacuum polarization bubbles
and participate in trivial scattering (see figure 4 and figure 5) and play an important role
in crossing symmetry [33, 34].
5We denote fundamental states in the bulk by capital letter A, two-particle bound-states by B and so
on. We shall use the lover-case letters to denote boundary (bound)states. The bar above the letter denotes
anti-particle.
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Figure 4. Scattering of a magnon with a singlet state. This scattering is considered to be trivial
and is required to be equivalent to no scattering at all.
Figure 5. Scattering of a magnon with a singlet state. The singlet state is artificially separated a
bit for clarity.
4.2 Superstrings on the boundary
We now review some general concepts for open superstrings in AdS/CFT, linking them to
well-known concepts in the bulk.
The boundary representation. Open strings attached to the Z = 0 giant graviton [8]
and the right factor of the Z = 0 D7-brane [9] are two well-known examples of configura-
tions with a finite-dimensional boundary module respecting the full bulk symmetry algebra
g. The boundary l-magnon bound-states are described by the following representation la-
bels [8]:
aB =
√
g
2l
ηB , bB = −
√
g
2l
iζ
ηB
, cB = −
√
g
2l
ηB
ζxB
, dB =
√
g
2l
xB
iηB
. (4.10)
Unitarity implies |ηB |2 = −i xB . We choose ηB = eiξ
√−i xB to be the solution of the
unitarity condition, in accordance with the bulk representation. As in the bulk case, this
parametrization of boundary labels is in the non-local (string) basis. Then by setting ζ = 1
one obtains the local (spin-chain) basis of the U -deformed reflection Hopf algebra (3.6) and
(3.18).
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Figure 6. Reflection from the right boundary of a magnon living on a semi-infinite string with
ζ being the reference point. The dot in the center of the circle corresponds to the Z = 0 giant
graviton and the the string ending on it possesses boundary degrees of freedom.
The multiplet-shortening (mass-shell) condition in terms of xB is
xB +
1
xB
= i
2l
g
, (4.11)
and the eigenvalues of the central charges for the l-magnon bound-states living on the
boundary are
Cl = l aBbB = − i2g e2iξ, C†l = l cBdB = i2g e−2iξ,
Hl = l (aBdB + bBcB) =
√
l2 + g2. (4.12)
As one can see, the spectral parameter xB and the central charge Hl are completely deter-
mined by the coupling constant g and the bound-state number l.
We shall use C(p), C†(p), H(p) (bulk) and C(q), C†(q), H(q) (boundary) to distin-
guish the eigenvalues of central charges of bulk and boundary representations and use the
underline (O) notation to distinguish the eigenvalues of bulk charges before and after the
reflection. We shall also use bar (O¯) notation for the representation of antiparticle states.
The K-matrix. The K-matrix describing the reflection of bulk states from boundary
states may be represented in superspace in the same way as the bulk S-matrix,
K(p, q) =
∑
i
ki(p, q)Λi, (4.13)
where ki(p, q) are the reflection coefficients and the differential operators Λi have the same
form as for the bulk S-matrix. Following the same pattern, the reflection coefficients of
the fundamental K-matrix may be found by demanding its invariance (2.12) under the
symmetry algebra g (3.1). Once again, the Lie algebra alone is not enough to fix uniquely
all coefficients of the bound-state K-matrix and one additionally needs to use either the
boundary Yang-Baxter equation [10] or Yangian symmetry.
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Figure 7. Construction of a two-particle boundary bound-state appearing at the pole x− = xB
of the K-matrix. The spectral parameter of the emerging boundary bound-state is yB = xBe
ip =
xB
x+
x−
= x+.
The central charges C and C† of the reflecting bulk states are not (on their own)
preserved by the reflection, in which{
C(p) = i2g
(
eip − 1) ζ,
C†(p) = − i2g
(
e−ip − 1) 1
ζ
,
→
{
C(−p) = i2g
(
e−ip − 1) ζ,
C†(−p) = − i2g
(
eip − 1) 1
ζ
,
(4.14)
but they are preserved by the reflection from a boundary with degrees of freedom, in the
sense that the total central charges are conserved
C(p) + U+2C(q) = i
2
g
(
eip − 1) ζ − i
2
gζeip = − i
2
gζ ≡ C(p) + U−2C(q),
C†(p) + U−2C†(q) = − i
2
g
(
e−ip − 1) 1
ζ
+
i
2
g
1
ζ
e−ip =
ig
2ζ
≡ C†(p) + U+2C†(q), (4.15)
as required from the considerations of the reflection algebra (3.23).
The spectrum and the special points. The spectrum of boundary excitations is very
much the same as the spectrum of bulk states; it includes fundamental, bound-states and
singlet (mirror) states [8–10, 36–38]
Boundary bound-states appear as poles x− = xB in the K-matrix projecting it to the
totally symmetric part of the tensor product V (p)⊗ VB(q) of bulk and boundary modules
signaling the presence of the tower of multi-particle boundary bound-states. The boundary
spectral parameter xB is purely imaginary, hence only the states with real momentum p
(physical states) may be absorbed by the boundary to form a bound-state. The new bound
state has spectral parameter set to yB = x
+ (see figure 7).
The boundary singlet states, like the bulk singlet states, are composite states with
vanishing total central charges and zero energy, while the constituent states have non-zero
central charges and energies. These states may be formally understood as the excitations
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Figure 8. Open string as an excitation of a Z = 0 giant graviton or D7-brane.
of the corresponding D-branes.6 Boundary singlet states are constructed in the same way
as bulk singlet states, by requiring their annihilation by all symmetry generators; one finds
a tower of boundary singlet (bound)states
|112〉B =
∣∣1a¯a12〉B + ∣∣∣1b¯b12〉B + ..., (4.16)
where ∣∣1a¯a12〉B ∝ iζη1η2 εabω1aω2b + εαβθ1αθ2β
= −i εabω1aω2b + εαβθ1αθ2β, (4.17)∣∣∣1b¯b12〉
B
∝ ζ
2
2η21η
2
2
εacεbdω1aω
1
bω
2
cω
2
d −
iζ
η1η2
εabεαβω1aω
2
b θ
1
αθ
2
β +
1
4
εαβεγδθ1αθ
1
βθ
2
γθ
2
δ
=
1
2
εacεbdω1aω
1
bω
2
cω
2
d + i ε
abεαβω1aω
2
b θ
1
αθ
2
β +
1
4
εαβεγδθ1αθ
1
βθ
2
γθ
2
δ , (4.18)
plus the pairs of higher-order bound-states. The boundary singlet states live in the tensor
product space VB(q¯)⊗VB(q) where VB(q¯) is the conjugate boundary module V ∗B with respect
to VB . The boundary phases are ζ
q¯ = −ζ and ζq = ζ, and the spectral parameters are
related as xq¯B = 1/x
q
B , where we have added extra indices q¯ and q to distinguish parameters
of the left and right boundaries respectively.
The bulk and boundary singlet states together form an open string configuration which
may be considered as an excitation of the Z = 0 giant graviton or (in the right factor of)
the Z = 0 D7-brane (see figure 8). This configuration clearly has vanishing total central
charges and is annihilated by all symmetry generators. We believe this state might be
useful in calculating the dressing factor of the K-matrix.
6One must not forger that these are still ‘very long’ spin chains with a very large number of bulk vacuum
fields Z but without any bulk excitations.
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4.3 Special points and automorphisms
The bulk mass-shell condition
x+ +
1
x+
− x− − 1
x−
= i
2l
g
, (4.19)
admits three automorphism maps x± 7→ 1/x±, x± 7→ −x∓ and x± 7→ −1/x∓, but actually
only two maps are independent: the composition of any two gives the third. We shall use
the first two maps, corresponding to the particle-antiparticle map and the reflection map.
The boundary mass-shell condition
xB +
1
xB
= i
2l
g
, (4.20)
is much less rich in automorphisms and admits only one automorphism, xB 7→ 1/xB , which
corresponds to the particle-antiparticle map.
Particle-antiparticle map. The automorphism x± 7→ 1/x± maps the central charges
and momentum to the opposite values
(
H,C,C†, p
) 7→ (H¯, C¯, C¯†, p¯),7 i.e. it maps the
state on the positive energy branch of the dispersion relation into the state on the negative
branch and vice versa; this is the analogue of the crossing-symmetry transformation in
two-dimensional relativistic field theories.
Let the states (of positive energy) transform in some module V of the symmetry algebra
g. Then the antiparticle states (of negative energy) transform in the conjugate module V ∗
of g, which is equivalent to V up to the isomorphism ρ
V = C−1ρ (V ∗) C, (4.21)
where C is an particle-antiparticle flavor-intertwining matrix. Let π(g) be the matrix
representation of the algebra on the positive energy (particle) states and π¯(g) on the cor-
responding negative energy (antiparticle) states. Then the representation labels (4.3) of
antiparticle and particle states are related by
a¯(p) = − i
x+
a(p), b¯(p) = −ix− b(p), c¯(p) = −ix+ c(p), d¯ = − i
x−
d(p), (4.22)
and the map ρ explicitly reads as8
ρ : π¯(g) 7→ −π¯ (ρ̂ ◦ g)st , (4.23)
where st is the super-transpose and ρ̂ is a U(1)-automorphism which, combined with the
minus sign, is equivalent to the antipode map S of the algebra, i.e. ρ : π¯ (g) 7→ π¯ (S ◦ g)st;
hence (4.21) explicitly reads as
π(g) = C−1 π¯ (S ◦ g)st C. (4.24)
7Here we use the notation that H¯ = −H , p¯ = −p and C¯, C¯† are the opposite values as described in [35].
8This map was first constructed in [33]; as a nice review we recommend [35].
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It is quite straightforward to check that the relation above fixes C up to an overall factor
to be
C =
(
σ2 0
0 iσ2
)
. (4.25)
The same result can be easily obtained merely by looking at the singlet state (4.8).
Let us examine what happens when the symmetry is lifted to the Yangian symmetry.
Let π(evv(Y(g))) be the evaluation representation of the Yangian algebra of the positive
energy (particle) states and π¯(evv(Y(g))) be the evaluation representation of the corre-
sponding negative energy (antiparticle) states. The spectral parameter v of the evaluation
map (2.30) is identified with the rapidity u of the magnon [18]. The rapidity u is invariant
under the map x± 7→ 1/x± — that is, it is mapped to itself u 7→ u by the particle-
antiparticle map. Hence it is easy to see that (4.30) trivially lifts to
π(evu(Y(g))) = C−1 π¯(evu(Y(S ◦ g)))st C, (4.26)
which says that Yangian charges behave in the same way as the algebra generators under
the particle-antiparticle map.
The automorphism xB 7→ 1/xB of the boundary mass-shell condition maps the energy
of the boundary state to the opposite branch of the dispersion relation, but keeps the
eigenvalues of the boundary central charges C and C† unchanged. Thus to use this map
to construct the particle-antiparticle map one needs to consider a composition of the map
xB 7→ 1/xB together with the map ζ 7→ −ζ which sends the central charges C and C†
to their opposite values and may be interpreted as an interchange of the left and right
boundaries. This construction of the particle-antiparticle map is in agreement with the
boundary singlet state (4.16) which is required to be invariant under it.
Following the construction of the particle-antiparticle maps in the bulk, the boundary
states of positive energy transform in a boundary module VB and the states of the neg-
ative energy transform in the conjugate module V ∗B , which is equivalent to VB up to the
isomorphism ρB such that
VB = C−1ρB (V ∗B) C, (4.27)
where C is a particle-antiparticle flavor-intertwining matrix and is clearly the same for bulk
and boundary representations. As for the bulk, let πB(h) be the matrix representation
of the boundary algebra on the positive-energy states and π¯B(h) on the corresponding
negative-energy states. The boundary representation labels (4.10) of the antiparticles and
particles are related by
a¯(q) = − i
xB
a(q), b¯(q) = −ixB b(q), c¯(q) = ixB c(q), d¯ = − i
xB
d(q). (4.28)
Then the map (4.23) in the case of the boundary representation becomes
ρB : π¯B(h) 7→ −π¯B (ρ̂B ◦ h)st , (4.29)
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leading to the boundary partner of the relation (4.24)
πB(h) = C−1 π¯B (S ◦ h)st C, (4.30)
where the boundary representation of the braiding factor is trivial
πB(U) = π¯B(U) = 1, (4.31)
implying that the boundary representation of the antipode map S is
πB(S(1)) = πB(S(U)) = 1, πB(S(JA)) = −πB(JA). (4.32)
We conclude by constructing the representation of the boundary Yangian by defining
πB(evw(Y(g))) to be the evaluation representation of the positive energy (particle) states
and π¯B(evw(Y(g))) to be that of the corresponding negative energy (antiparticle) states.
We shall explicitly define the on-shell realization of the spectral parameter w of the evalu-
ation map of the boundary representation in section 4.5. For now we only require it to be
invariant under the particle-antiparticle maps in accordance with the bulk representation.
Then the relation (4.30) is being lifted to
πB(evw(Y(g))) = C−1 π¯B(evw(Y(S ◦ g)))st C. (4.33)
Reflection map. The automorphism x± 7→ −x∓ maps the momentum of the state
to the opposite value p 7→ −p while preserving the energy H 7→ H. Reflection is an
involutive map, as it keeps the states on the same branch of the dispersion relation, —that
is, it is an automorphism of V (or V ∗), and may be considered as the analogue of parity
symmetry in two-dimensional relativistic field theories. Let us consider the reflection of
states transforming in the module V . Let π(g) be the matrix representation of the algebra
on incoming states and π(g) on the reflected states. The representation labels (4.3) are
related as
a(p) =
√
x−
x+
a(p), b(p) = −
√
x−
x+
b(p), c(p) = −
√
x+
x−
c(p), d(p) =
√
x+
x−
d(p), (4.34)
while the central charges C and C† become
C(p) = −x
−
x+
C(p), C†(p) = −x
+
x−
C†(p), (4.35)
where the underline notation once again denotes the eigenvalues of the charges after the
reflection. Then the two representations π(g) and π(g) are equivalent to each other up to
the isomorphism κ
π(g) = P−1 π(κ ◦ g)P, (4.36)
where P is the parity transformation matrix and is of diagonal form. The relations (4.34)
clearly indicate that the reflection may be realized as a U(1)-automorphism κ of the algebra.
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By solving (4.36) we find that κ is a map under which the representation parameters
undergo a right shift
κ :
(
a b
c d
)
7→
(
−iU−1 0
0 iU+1
)(
a b
c d
)
. (4.37)
Its pull-back map acts on the supersymmetry charges as
κ :
(
Q aα ,G
β
b
) 7→ (−iU−1Q aα , iU+1G βb ), (4.38)
and on the central charges C and C† as
κ :
(
C,C†
) 7→ (−U−2C,−U+2C†), (4.39)
while it acts trivially on all other generators. The reflection map fixes the parity transfor-
mation matrix to be
P =
(
12 0
0 −i12
)
. (4.40)
We proceed by lifting the representations of the reflection algebra to the Yangian. Let
π(evu(Y(g))) be the evaluation representation of the Yangian algebra on the incoming states
and π(evu(Y(g))) on the reflected states. The reflection map x
± 7→ −x∓ results in u 7→ −u
for the rapidity of the state, leading to a minus sign appearing in the evaluation map
(2.29). However, the parity map (2.10) reverses the sign of rapidity again thus the algebra
representation relation (4.36) is naturally lifted to the level of the evaluation representation
π(evu(Y(g))) = P−1 π(evu(Y(κ ◦ g)))P−1. (4.41)
4.4 The representation of the Yangian symmetry
The evaluation representation of the bulk Yangian symmetry was first considered in [18].
We shall extend this to include the boundary representation and the constraints arising
from the reflection algebra.
Bulk case. The evaluation representation is constructed with the help of the evaluation
map ansatz (2.30) that we have considered in section 2.2,
Ĵ |v〉 = γ (v + v0) J |v〉 . (4.42)
The representation parameters γ and v may be defined by considering the co-commutativity
of the central charges of the algebra.
The deformed central charges (3.28) in the evaluation representation (4.42) of the bulk
module become
Ĉ′ = γ (v + v0)C+
1
2
H (C− 2α) = β vC C,
Ĉ†′ = γ (v + v0)C
† − 1
2
H (C† − 2α†) = β vC† C†, (4.43)
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where we have used constraints (3.30) and (3.31). Assuming that all universal constant are
equal vC = v
†
C = v0, these equations have a family of solutions of the form
v =
ig
2γ
u+
β
γ
v0 − v0, (4.44)
where u is the rapidity (4.5) of the corresponding magnon and the parameters β and γ are
left unconstrained. The most natural choice is
β = γ = i
g
2
, (4.45)
giving a simple, sensible solution v = u while keeping v0 unconstrained.
Boundary case. We now proceed by considering the evaluation representation of Y(g, g)
on the boundary module. We assume that a similar ansatz to (2.34) holds for the boundary
module ̂̂
J |w〉 = γ2B (w + w0)2 J |w〉 . (4.46)
where |w〉 ∈ VB(w) is a vector of the boundary module. Then consistency with the eval-
uation representation for the bulk module requires w0 = v0 and γB = γ, leading to the
following evaluation representation of the charges (3.34)
̂̂
C ′ ⊗ 1 = −1
4
g2(u+ v0)
2 C⊗ 1, 1⊗ ̂̂C ′ = 1⊗ (−1
4
g2(w + v0)
2
)
C,̂̂
C †′ ⊗ 1 = −1
4
g2(u+ v0)
2 C† ⊗ 1, 1⊗ ̂̂C †′ = 1⊗ (−1
4
g2(w + v0)
2
)
C†. (4.47)
Further, requiring co-conservation constraint (3.39) to hold, we find w2 = −l2/g2 and also
v0 = 0. Then by choosing the positive root we define the spectral parameter associated to
the boundary module to be
w =
il
g
. (4.48)
Let us discuss the origin of this boundary spectral parameter. It is easy to observe that
boundary labels (4.10) and mass-shell condition (4.11) may be obtained from the bulk ones
(4.3) and (4.4) by a simple map x± 7→ ±xB, l 7→ l/2. This relation says that a l-magnon
bound-state on the boundary may be viewed as a 2l-magnon bound-state in the bulk of
maximal momentum p = π [37]. Thus applying this map to the bulk rapidity (4.5)
u = x+ +
1
x+
− il
g
7−→ xB + 1
xB
− il
g
= 2
il
g
− il
g
= w, (4.49)
we get the boundary one (4.48), as required.
It is interesting to compare this case with the reflection from the ‘vertical’ D5-brane
considered in [9, 14, 15], which also has boundary degrees of freedom attached to the
boundary. The boundary labels and mass-shell condition of the ‘vertical’ D5-brane may be
obtained from those of Z = 0 giant graviton (and the right factor of Z = 0 D7 brane) by
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replacing l 7→ l/2. Thus applying the map x± 7→ ±xB to bulk labels one recovers exactly
the boundary labels of the ‘vertical’ D5-brane, implying that the l-magnon bound-state on
the boundary is equivalent to a l-magnon bound-state in the bulk with momentum p = π.
Furthermore, this results in the boundary spectral parameter wD5 = 0 being zero
u = x+ +
1
x+
− il
g
7−→
D5
xB +
1
xB
− il
g
=
il
g
− il
g
= 0, (4.50)
as was observed in [15].
With the help of the evaluation representation (4.46), (4.48) of the boundary Yangian
Y(g, g) we have checked explicitly that the twisted charges (3.32) are the symmetries of
the fundamental reflection matrix of the Z = 0 giant graviton [8] and the right factor of
the Z = 0 D7 brane [9, 10]. We have also checked that these charges define uniquely the
reflection matrix of bulk two-magnon bound-states reflecting from boundary two-magnon
bound-states and is consistent with the boundary Yang-Baxter equation.9
5 Conclusions
In this paper we have presented the ‘Heisenberg picture’ of the reflection algebra and
constructed the twisted boundary Yangian symmetry of the AdS/CFT superstring ending
on a boundary with degrees of freedom and preserving the full bulk Lie algebra. The two
known boundaries of this type are the Z = 0 giant graviton (D3-brane) and the right factor
of the Z = 0 D7-brane.
The corresponding Yangian symmetry Y(g, g) is a fixed-point co-ideal subalgebra of
the bulk Yangian Y(g) generated by level-0 and twisted level-2 generators which may be
obtained by considering quadratic combinations of level-1 Yangian charges and adding
appropriate deformation terms (‘twists’) that ensure the co-ideal property, which here
requires that the co-products of twisted level-2 charges include no level-1 charges acting
on the boundary module.
We have explicitly constructed the reflection automorphism of the AdS/CFT super-
string symmetry algebra and presented the ‘reflection Hopf algebra’, which we showed to
9Interestingly, there is also an apparently accidental symmetry of the fundamental reflection matrix
satisfying the invariance condition K∆(Ĵ) − ∆ref ′(Ĵ)K = 0, where ∆Ĵ is the usual coproduct of level-1
charges, but ∆ref ′ is a ‘modified’ reflected coproduct
∆ref ′(ĴA) = −
˜̂
J
A
⊗ 1 + U−[A] ⊗ ĴA − fABC U
−[C]
J˜
B
⊗ J
C
, (4.51)
and also the boundary is required to carry a ‘strange’ spectral parameter
w =
1
2
(
xB −
1
xB
)
x− − x+
x− + x+
+
1 + x−x+
x− + x+
. (4.52)
This symmetry was also observed by T. Matsumoto and R. Nepomechie (private discussions). However, this
is not a symmetry of the bound-state reflection matrices, as it leads to a unique solution of the invariance
condition which is not consistent with the boundary Yang-Baxter equation.
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be a natural extension of the usual Hopf algebra structure to accommodate reflection. The
notion of reflected coproducts allows us to consider the boundary representation in the
‘spin-chain’ basis, in which boundary representation labels are independent of the phase
of bulk magnons, and thus are of ‘local’ form. Furthermore, the reflection Hopf algebra
structure allowed us to construct the boundary Yangian and its evaluation representation
in a manner very similar to that for the bulk case [18].
We have also considered the spectrum of states of the open strings. We have shown
that the boundary spectrum includes not only bound-states but also singlet states very
similar to those of the bulk excitation spectrum. Furthermore, we have shown that there
is a tower of bulk and boundary singlet states, and have explicitly constructed such states
from two-magnon bound-states. Such states could form an open spin-chain configuration
that might perhaps be understood as a D-brane excitation (figure 4). We certainly expect
this configuration to be useful for finding the dressing phase of the reflection matrices.
The most important remaining open question regarding superstrings ending on D7-
branes is to determine the Yangian symmetry of the left factor of the Z = 0 D7-brane. The
other interesting question is how the twisted Yangians of D3-, D5- and D7-branes could
be obtained from the quantum affine algebra recently constructed in [3], and what are the
corresponding twisted affine algebras.
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A The co-products of Y(g)
The co-products of the Yangian charges of the cetrally extended psu(2|2) ⋉R3 are [18]
∆R̂ ba = R̂
b
a ⊗ 1 + 1⊗ R̂ ba +
1
2
R ca ⊗ R bc −
1
2
R bc ⊗ R ca
− 1
2
G γa U+1 ⊗Q bγ −
1
2
Q bγ U−1 ⊗G γa
+
1
4
δbaG
γ
c U+1 ⊗Q cγ +
1
4
δbaQ
c
γ U−1 ⊗G γc ,
∆L̂ βα = L̂
β
α ⊗ 1 + 1⊗ L̂ βα −
1
2
L γα ⊗ L βγ +
1
2
L βγ ⊗ L γα
+
1
2
G βc U+1 ⊗Q cα +
1
2
Q cα U−1 ⊗G βc
− 1
4
δβα G
γ
c U+1 ⊗Q cγ −
1
4
δβαQ
c
γ U−1 ⊗G γc ,
∆Q̂ aα = Q̂
a
α ⊗ 1 + U+1 ⊗ Q̂ aα +
1
2
Q cα ⊗ R ac −
1
2
R ac U+1 ⊗Q cα
+
1
2
Q aγ ⊗ L γα −
1
2
L γα U+1 ⊗Q aγ +
1
4
Q aα ⊗H−
1
4
HU+1 ⊗Q aα
+
1
2
εαγε
ac CU−1 ⊗G γc −
1
2
εαγε
acG γc ⊗ C,
∆Ĝ αa = Ĝ
α
a ⊗ 1 + U−1 ⊗ Ĝ αa −
1
2
G αc ⊗ R ca +
1
2
R ca U−1 ⊗G αc
− 1
2
G γa ⊗ L αγ +
1
2
L αγ U−1 ⊗G γa −
1
4
G αa ⊗H+
1
4
HU−1 ⊗G αa
− 1
2
εacε
αγ C† U+1 ⊗Q cγ +
1
2
εacε
αγ Q cγ ⊗ C†,
∆Ĥ = Ĥ⊗ 1 + 1⊗ Ĥ+ CU−2 ⊗ C† −C† U+2 ⊗ C,
∆Ĉ = Ĉ⊗ 1 + U+2 ⊗ Ĉ− 1
2
HU+2 ⊗ C+ 1
2
C⊗H,
∆Ĉ† = Ĉ† ⊗ 1 + U−2 ⊗ Ĉ† + 1
2
HU−2 ⊗ C† − 1
2
C† ⊗H. (A.1)
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